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Demonstrated by M. E. Graber by the method of mathematical induction, and by Elmer Schuyler 
by means of the integral calculus. Also solved by G. B. M'. Zerr. 



GEOMETRY. 



236. Proposed by J. E. HITT, San Marcos, Texas. 

If two sides of a triangle pass through fixed points, the third side touches 
a fixed circle. 

I. Solution by the PROPOSER. 

Let the sides AB, BC of triangle ABC pass 
through the points D, E, respectively. Draw BH per- 
pendicular to AG, from F, intersection of circumcircle of 
triangle DBE with BH, draw diameter F K. Draw BE, 
EL perpendicular to AG. Arc DBE is locus of B. 
Since Z ABH is constant, F is a fixed point. .'. E is fixed. FBK is a right 
angle. :.BHLE is a rectangle. :.EL=B H, a constant. Hence AG touches 
the circle with center E and radius EL. 




II. Solution by G. B. M. ZERR, A. M, Ph. D, Parsons, W Va. 

Let 0, G be the two fixed points ; a, b, c the sides of the triangle ; OG=h, 
OA=r, £AOX= lFOB=e, AD=p. Then AD: OE=c:c-r. 

:.OE=?-(c-r). 
c 

Also eosEOB=p/c t or EOB=cos~\p/c)=p. 
.\;ocos(0-|-/?— x— d) =£—(jb— r) is the equation to 



CB. Let<£-h/?-7r=<5. 

.'. peosdcos'' + psmdsmO=—(c — r). 

C 

AG= v / (h i +r t -2rhsin0). 
.-. h*=h* +r 2 — rhsinO + r* — 2r t /(h s -f-r 8 — 2rAsin0)cosA . 
.-. r * sin 2 A - 2rftsintf sin 8 A =ft « cos 8 A - ft 2 sin 2 0. 
.\sin0 = ^[>sin !! A±cosA,/(fc 2 -r"-sin 2 A)], 




COS0 = 



sinA 



[rcosA =F i/(& 8 -^sinM)]. 
pr 



• ^smAcos(<5-A) +^-i-p= +-^ v /(^-r !! sin 2 A)sin(5-A). 

ft C ft 



49 

Let -j-sinAcos(d—A)-^p/c~D, -~-sm(d — A^)=E. 
:.rD-p = ±E l /(h* -r 2 sin 8 A). 
(D 2 +E 2 sm*A)r 2 -2Drp=E 2 h 2 -p*. 
•'• r=T^, — tt7 ■ 5 a » Dv differentiation. 
:. D 2 h* +J57 2 ft 2 sin 2 A=p i sin 2 A. 

Substituting D and E and reducing p 2 c- sin 2 A -\-2pchp$inAcos(8— A) 
=p 2 c 2 sin 2 .A-p 2 ft 2 . 

:.P i +2pHcos(8— A)=G is the equation sought, and represents a circle. 

Also solved by F. P. Matz. 

248. Proposed by F. P. MATZ, Sc. D., Ph. D„ Reading, Pa. 

What is the equation to the curve on which He the centers of the inscribed 
circles in the right-angled triangles of hypotenuse hi 

I. Solution by G. W. 6EEENW00D, M. A. (Oxon), Lebanon, 111. 

Take as axes the hypotenuse and its perpendicular bisector. Denoting the 
length of the hypotenuse by h, and one acute angle by a, the equations to the 
bisectors of the acute angles may be written 

y=(x+ih)t&n%a, 

y=— (a— £ft)tan(ijr— Ja), 

,,.1 — tanAa 

——(x—ih)-. — - — f . 

v J a + tan£a 

By eliminating a between these equations we get as the locus of their intersec- 
tion, that is, of the center of the inscribed circle, 4(a; 2 +%+t/ 2 )=/i 2 . 

II. Solution by L. S. SHIVELY, Mt. Morris College, Mt. Morris, 111. 

It is evident that the angle subtended by the hypotenuse, and with vertex 
at the center of the inscribed circle equals 135°. Since it is constant and equal 
to 135°, its vertex, and hence the center of the circle, lies upon that arc of a cir- 
cle constructed upon h as a chord, to contain an angle of 135°. Construct such 
a circle and join 0, its center, with A and B, the ends of h. Then Z AOB=90°. 
Also OA—^hy'2. Referred to as origin of coordinates, the equation of the 
circle is 2x i +2y*=h i . 

Also solved by J. Seheffer, E. L. Sherwood, Q. B. M. Zerr, and Elmer Schuyler. 

244. Proposed by 0. W. ANTHONY, Head of the Mathematical Department, DeWitt Clinton High School, 
New York. 

Upon the sides of a triangle as bases isosceles triangles with base angles 
of 30° are constructed. Show that the lines joining the vertices of these isos- 
celes triangles form an equilateral triangle. 



